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The heating of a semi-infinite layer of particles adjacent to a heated 
surface is investigated analytically in a one-dimensional approxima- 
tion. The conditions in which such a system can be regarded as a homo- 
geneous isotropic medium are found. 

The heat f rom the su r face  of a body i m m e r s e d  in a 
f luidized bed of f inely g ranu la r  m a t e r i a l  is given up to 
packets of pa r t i c l e s  in  contact  with the sur face .  These 
pa r t i c l e s  a re  per iod ica l ly  dislodged by ascending  gas 
bubbles  and rep laced  by new ones .  Mickley and F a i r -  
banks [1], who were  the f i r s t  to p r e sen t  an ana ly t ica l  
desc r ip t ion  of this  p rocess ,  r ega rded  the packet as a 
s e m i - i n f i n i t e  homogeneous  mass  with a su r face  t e m p e r -  
a ture  tw, which r e m a i n e d  cons tant  dur ing  the en t i re  
t ime  of heat ing of the packet.  Accordingly,  t h e i n s t a n -  
taneous  (at t ime  T) va lue  of the coeff ic ient  of heat  t r a n s -  
fer  between the body and the f luidized bed is 

a .  r = R - ~  1 = (X,e,p C m p c , p )  1/2 (:~T) -I/2,  

and the mean  coeff ic ient  dur ing  the t ime  7c of contact  
�9 of the packet with the sur face  is 

(ff : 0.5 R c  1 =0.5(~,c. p CmPc.p.) 1/2 (~Tc) -I/2. 

It follows f rom these  exp re s s ions  that the heat 
t r a n s f e r  coeff ic ients  ~ and ~l  tend asympto t ica l ly  
to inf in i ty  when 1 - ~  0. Yet it  is well  known [2, 3] 

that  when the t ime  of contact  is reduced to a c e r t a i n  
va lue  the heat  t r a n s f e r  coeff ic ient  ceases  to i n c r e a s e  
and tends towards  a l imi t ing  (ul t imate)  value,  which de-  
pends on the t h e r m a l  r e s i s t a n c e  between the sur face  of 
the body and the f i r s t  row of pa r t i c l e s  in contact  with 
i t .  To e l imina t e  this  con t rad ic t ion  we [4] in t roduced a 
i "contae t  t h e r m a l  r e s i s t a n c e  H Rcon. Then 

(z~ = exp erfc �9 (1) 

The m e a n  value ~ '  in t ime  ~'c can be found by i n t e g r a -  
t ion by par ts :  

~c 
a' l , l a  A 

= - -  ~ d ~ = - - ,  (2) 
~C ~C 

0 

Rc (2 ') A = (exp y2 erfc y - -  1) + 2; y =Rcon]/~- 

The funct ion exp y2 erfc  y is tabula ted in [5]. Theva lues  
of the coeff ic ient  A a re  given in Table  1. 

To s impl i fy  the ca lcu la t ions  we suggested  [4] that  
the so lu t ion  (1) should be rep laced  by the s i m p l e r  ap-  
p rox ima te  f o r m u l a  

a ,  = ~ ( ~ c o . +  R~) -~ .  

Calcula t ions  showed that the c o r r e c t i o n  fac tor  fl does 
not exceed 1.20. Ge l ' pe r in ,  Ainshte in ,  and Zaikovski i  
drew at tent ion to the fact  that the mean  va lues  of the 
heat t r a n s f e r  coeff ic ient  can be ca lcula ted  in a s i m i l a r  
{ray. a t = (Reo n + 0.5 Rc) ~1 . The devia t ion Of the va lues  
ca lcula ted  f rom this fo rmula  f rom the va lues  given by 
(2), (2') does not exceed :L5%, so that  no c o r r e c t i o n  
is n e c e s s a r y .  If one cons ide r s  that for  par t  of the t ime  
f0 the heat t r a n s f e r  su r face  is not in contact  with the 
pa r t i c l es ,  but  with a gas bubble (at this in s t an t  heat 
t r a n s f e r  is neg l ig ib le ) ,  then, if the m e a n  t ime  of con~ 
tact of the packet  TC = (1 - - f 0 ) ~ t  -1 is known, it  is easy 
to ca lcula te  the coeff icient  of heat t r a n s f e r  f rom the 
f luidized bed to the submerged  body: 

A ~ 1 :-fo (3) 
a = (1 -fo) ~-~ (0.5+Rco./~c)no 

Calcula t ion  f rom (3) gives quite good a g r e e m e n t  
with expe r imen t  for a f luidized bed of sma l l  pa r t i c les ,  
but for  a bed of l a r g e r  pa r t i c l e s  (d -> 0.3 ram) t he r e  
a re  deviat ions [4]. These deviat ions  a re  due to the fact 
that dur ing  the t ime  of contact  of the packet  with the 
sur face  (usual ly  l e s s  than 0 .5 -1  sec) only a thin l a y e r  
of the ma te r i a l ,  with a th ickness  of only a few par t i c l e  
d i ame te r s ,  is  heated (or cooled) .  With such condit ions 
a d i sc re t e  med ium composed of individual  pa r t i c l e s  and 
i n t e r s t i t i a l  gas cannot  be rega rded  as homogeneous .  

We wil l  d e t e r m i n e  the condi t ions  in  which the packet  
of pa r t i c l e s  in contact  with the sur face  can  be r ega rded  
as a homogeneous i so t ropic  medium.  To do this we con-  
s ide r  an equivalent  s y s t e m  (see Fig.  1, b) in which the 
med ium cons i s t s  of l a y e r s  of th ickness  d separa ted  f rom 
one another  ( thermal ly)  by contact  t h e r m a l  r e s i s t a n c e s  
rcon ,  which a re  a s sumed  to be independent  of t ime .  The 
t h e r m a l  conduct ivi ty  of the l aye r s  is a s sumed  to be i n -  
f in i te ly  high and the product  of the i r  dens i ty  and heat 
capaci ty  is a s sume d  to be equal to that  of the con t in -  
uous phase of the f luidized bed. During the heat ing of 
any i - th  l aye r  it  obtains  heat f rom the (i - 1)th l aye r  
and gives it up to the (i + 1)th l ayer .  Hence, 

t i - I  - -  t i  t i  - -  t i §  - -  Crape. p d dt--L. (4) 
rcon rcon d T 

We in t roduce  

Oi = t~ - -  t _ _ _ _ ~ 0 ,  ( 0 ~  --= I), 
t~ - -  t o 

2~ 2~e  p 
x -- ' 2Fo. (4') 

CmPc.p drcon CmPc.p d ~ 

In the las t  r e l a t i onsh ip  we have used Xc. p = d / r c o  n.  
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T h e n  

x 

' f 0,- = -~-exp (--x) exp (x) (Ot-1 + 0~§ dx. (5) 

0 

The so lu t ion  of a s i m i l a r  p r o b l e m  is known [5]. In 
the s y m b o l s  used  h e r e  the t e m p e r a t u r e  of the f i r s t  row 
of p a r t i c l e s  is  g iven by the e x p r e s s i o n  

Ox~--- ; exp (--x) Jl (x),d~Xx = 

0 

1 

= ~ exp (--xz) z -1 J1 (xz) dz, 

f) 

where  Jr(x) is  a B e s s e l  funct ion of i m a g i n a r y  a r g u m e n t  
of the f i r s t  kind and f i r s t  o r d e r .  Using t ab te s  of i n t e -  
g r a l s  ([7], p. 728) we can e a s i l y  find 

x F 3 - -2x )  �9 0 1 = - ~ -  2 ~ ( - ~ ,  I; 3, 2; 

Expanding the g e n e r a l i z e d  h y p e r g e o m e t r i c  s e r i e s  zFz 
([7], p. 1059) we can  f ina l ly  w r i t e  

x ~ .  ( k +  1/2)! 

k=O 

This method of so lu t ion  is s u i t a b l e  only in the  c a s e  
w h e r e  the  t h e r m a l  r e s i s t a n c e s  be tween  a l l  the  l a y e r s  
a r e  the s a m e  and equal  to the t h e r m a l  r e s i s t a n c e  b e -  
tween the p la te  and the f i r s t  l a y e r .  In addi t ion,  th is  s o l -  
u t ion  is  d i f f icu l t  to v i s u a l i z e .  Hence,  we find the t e m -  
p e r a t u r e  of the  f i r s t  row of p a r t i c l e s  by the method of 
s u c c e s s i v e  a p p r o x i m a t i o n s .  F o r  the  f i r s t  a p p r o x i m a t i o n  
we take  0~ = 0. Then, s i n c e , |  = O w = 1, w e o b t a i n  

1-1  
f r o m  (5) 

1 [l - -  exp (--x)]. (6) @~= - ~  

In the  second  a p p r o x i m a t i o n  | = 0. F r o m  (5) we find 

x 

-II  1 exp ( - - x ) ~ e x p ( x ) ( O ~ + O ~  I) dx = 

0 

1 
- [ 1--  exp (--x) - -  exp (--x) x]. 

2 ~ 

F r o m  @II and @w = 1 we f ind | f r o m  (5), and so on. 
1 

Table  1 

Va lues  of Coef f ic ien t  A f r o m  F o r m u l a  (2') 

Rc 

A 0.177 0.355 0.53 0 68 0 765 0.863 0 955 
v ~.-:Z-,--Y-T:~ 2:, :~14 3 : w - - ~  
A 1.09 1.19 1 . 2 8  1.35 1.42 1.51 2 

In the  four th  a p p r o x i m a t i o n ,  fo r  i n s t ance ,  

o~v 1 =--~-11--exp (--x)] + 

l [  ( x.)] + -~  1 - - e x p ( ~ x )  1 + x-~-4- + 
\ If " ~  

x " .x ~ 

+ 5  1-~• ~ + - i T  + + T . ,  . (7) 
64 

The s t r u c t u r e  of the s e r i e s  is  such that  in each  s u c c e s -  
s i r e  a p p r o x i m a t i o n  one t e r m  is added and the ones  a l -  
r e a d y  found a r e  u n a l t e r e d .  Hence,  the t h i rd  and second  
a p p r o x i m a t i o n s  can  be  found f r o m  (7) b y - d i s c a r d i n g t h e  
l a s t ,  o r  l a s t  two, e x p r e s s i o n s  in the  s q u a r e  b r a c k e t s .  

a e  - / 
/ 

/ 
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Fig .  1. D i m e n s i o n l e s s  t e m p e r a t u r e  | of 
the  f i r s t  row of p a r t i c l e s  in con tac t  with 
the s u r f a c e  as  a funct ion of the d i m e n -  
s i o n l e s s  t i m e  ~- (the d i m e n s i o n l e s s  c o m -  
p lex  x is  p lo t ted  on the  x - a x i s ) .  The 
equ iva len t  s y s t e m  (b) r e p l a c i n g  the a c -  
tua l  r e g u l a r  a r r a n g e m e n t  of the p a r t i -  
c l e s  (a) is  shown on the r igh t .  The 
so l id  l ines  give the  a p p r o x i m a t i o n  
" f r o m  be low"  [Eq. (7)] and the  dashed  
l ines  give the a p p r o x i m a t i o n  " f r o m  
above"  [Eq. (8)].  The f i g u r e s  on the 
curves  denote  the  n u m b e r  of the  a p -  
p rox lmat iono  The d o t - d a s h  l ine  r e -  ] 
p r e s e n t s  | = e r fc  - 1/-~-: [Eq. (9)]. 

In the  f i g u r e  the f i r s t ,  second,  and four th  a p p r o x i m a -  
t ions  a r e  r e p r e s e n t e d  by  so l id  l i n e s .  It wi l l  be  
shown below that  f u r t h e r  a p p r o x i m a t i o n s  a r e  u n n e c e s -  
s a ry .  

It is  of ten a s s u m e d  [2, 6] that  when the t i m e  of con -  
t a c t  of the packe t  with the  s u r f a c e  is  s h o r t  a l l  the  hea t  
is  a b s o r b e d  by the f i r s t  row of p a r t i c l e s  and the p r e -  
s e n c e  of the second  row does  not  af fec t  the p r o c e s s .  
This  is  a c tua l l y  equ iva len t  to the  a s s u m p t i o n  tha t  t h e r e  
is  p e r f e c t  hea t  in su la t ion  be tween  t h e s e  r o w s .  Then 

0I  -_ 1 - -  exp (--x/2). 

It is  m o r e  s u i t a b l e  as  a f i r s t  a p p r o x i m a t i o n  " f r o m  
above"  to u s e  x r a t h e r  than x / 2  fo r  the exponent .  

Then, fo r  the  l a s t  l a y e r  
x 

O~ = exp (--X) S exp (x)Ol-1 dx. 
0 
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Table 2 

Values of Dimens ion les s  Ins tantaneous  Heat T r a n s f e r  
Coeff icient  (~rd/Xc. p f r o m  Different  F o r m u l a s  

' Values of a~t/X,..p:.__~ for x equal to 

0.2 

l/CmOe r~ d2/wc~,e.p 

�9 for 01 from (b') 
from (10) 
from (11 ) 
from (1') 

R~/Reon = 

1 
1 
2 
0 

0,4 

1.78 
0.91 

0.97 
0.91 
I.l 
1,12 

0.6 1,0 1.5 

1.26 
0.835 

6.88 
0.83 
0.91 
1.58 

From formula 

1/03 0 .8  0.65 
0.775 0.673 0.585 

0.8 o.69 o.~8 
0.77 0.79 0.61 
0.8 0.69 0.58 
1.94 /2.5 ]3.06 

3.0 50 

0,46 O.ll 
0.44 0.11 

0,44 0,11 
0.52 0.5 
0.44 0.1l 
4.34 17.7 

For  all  the other  l aye r s  below the i - th  the t empera tu re ,  
as before ,  is given by (5), s ince  the l a y e r s  make t h e r -  
ma l  contact  on both s ides .  By a method s i m i l a r  to the 
p rev ious  one of s u c c e s s i v e  approx imat ions  we obtain a 
s e r i e s  of values  of | F o r  ins tance ,  in the fifth ap -  
p rox imat ion  ( fur ther  ones a re  usua l ly  u n n e c e s s a r y )  

When x is sma l l  (< 
| i s  given by Eq~ (6) 
obtained f rom (6), is 

0 .5)  a more  accura te  value of 
(see Fig.  1) and, hence,  aT, 
also m o r e  accura te :  

a.~d = 1  [1 + exp(-- x)]. (11) 
k~.p 2 

0 v = 1-- exp (--x) --  exp (--x) • 

x -~-. + ~ .  1 + • 

I 1( ,.] x ~., +-K + ~ -  ~+~-)k-~-. +-~-., + 

+ T  1 + ~ + ~ -  ~ - r + V  . (s) 

As before,  each previous  approximat ion  can  be obtained 
f rom (8) by s u c c e s s i v e l y  d i s ca rd ing  the l a s t  t e r m  of the 
sum in the b r a c e s .  The f i r s t  th ree  approx imat ions  c a l -  
culated by this  method a re  shown by dashed l ines  in the 
f igure .  

The f igure  shows that  ca lcu la t ions  f rom (7) and (8) 
give the s ame  r e su l t s ,  beginning  with the fourth approx-  
ima t ion  (in the range  of va lues  of x of i n t e r e s t  for  a 
f luidized bed) .  When x < 0 .5  the so lu t ion  is given a l -  
mos t  exact ly by the f i r s t  approx imat ion  " f rom below" 
[Eq. (6)], and when x is  l a rge  (x > 1) the solut ion is 
given by an equat ion giving the change in t e m p e r a t u r e  
with t ime  at a d i s tance  d f rom the su r face  of the body, 
if the m u l t i l a y e r  s y s t e m  is r ega rded  as a homogeneous 

m e d i u m  with p a r a m e t e r s  Cm, Pc p, and X c p = d / r c o  n 
(this is eas i ly  obtained f rom the ~nown solu t ion  of the 
p rob l em [5] of heat ing of a homogeneous m a s s ) :  

It is of i n t e r e s t  to note that this quantity differs  
f rom the co r r e spond ing  expres s ions  obtained in [2, 6] 
for the case  where  the t e m p e r a t u r e  of the second row 
dur ing  the t ime  of contact  of the packet  with the s u r -  
face is una l t e red .  This means  that even with such con-  
di t ions it  is n e c e s s a r y  to take into account  the heat 
t r a n s f e r  f rom the f i r s t  row of pa r t i c l e s  to the second 
on the assumpt ion  that the t e m p e r a t u r e  of the second 
is equal  to the in i t ia l  t e m p e r a t u r e  of the packet.  

In [4] it was a s sumed  in the deduction of the f o r m u -  
la for  Rco n that Rco n = d/21c, p = r c o n / 2 .  If we sub -  
s t i tute  this  exp re s s ion  for  Reon in (1), then fo rmula  (1) 
wil l  take the fo rm 

a~ d/Xc.p = 2 exp (2x) erfc ]/2-}. (1') 

Table 2 compare s  the r e s u l t s  of ca lcu la t ion  f rom the 
different  fo rmu la s .  This table  also gives the va lues  of 

RX/Rco n on the a s sumpt ion  that  Rco n = 0.5rco n.  
The table  shows that  f o r mu l a  (1') gives a s a t i s f a c -  

t o ry  approx imat ion  for  x >- (0.5-1) ,  i . e . ,  for  RX/Rco n > 
> 2 - 2 . 5 .  F o r  these  values  the "cont inuous" phase  
of a f luidized bed can be r ega rded  as a homogeneous 
medium,  and the heat t r a n s f e r  can be ca lcula ted  f rom 

f o r m u l a  (3). When x < 0.5 the "cont inuous"  phase 
mus t  be r ega rded  as a d i s c r e t e  med ium and Eq. (11) 
should be used for  the calcula t ion.  

1 
01 = erfc ~ . (9) 

The ins tan taneous  value  of the heat t r a n s f e r  coeff i -  

"cient is  a T = (1 - O1)rclon . The d i f fe rence  (1 - Ot)found 
f r o m  (9) for  x < 1 also differs  s l ight ly  f rom the va lue  

found f r o m  (8) or  (7) (compare  the sol id and dot-  
dash l ines  in the f igure  for  x < 1). Hence, for  the c a l -  
cu la t ion  of 01, which is  conta ined in a T, Eq. (9) can be 
used in the whole t e m p e r a t u r e  range .  Using (9) and ex-  
panding the complex  x conta ined in it, we obtain 

a,d 1 ~  d2 1 / /~_  I" 
~e:%~ erf = e r f  i/ 2x .  (10) 

V 4T~.c.p 

NOTATION 

aT,  a ' ,  a a re  the ins tan taneous ,  m e a n  (during t ime  
of contact  of packet ) ,  and effect ive (allowing for t ime  
of contact  with bubble)  heat t r a n s f e r  coef f ic ien ts ;  f3 is 
the c o r r e c t i o n  fac tor  ([3 = 1 -1 .2 ) ;  X c p and Pc p a re  
the t h e r m a l  conduct ivi ty  and dens i ty  "of c ~ 1 7 6  
phase of the f lu idized bed;  ~t  is the f requency  of 
change of packets  of pa r t i c l e s  at the su r f ace ;  T and T c 
a r e  the va r i ab le  t ime  and t ime  of contact  of the packet  
with the su r f ace ;  Ol is  the d i m e n s i o n l e s s  excess  t e m -  
p e r a t u r e  of i - th  l a ye r  in j - th  approx imat ion ;  A is the 
d i m e n s i o n l e s s  coeff ic ient  [ formula  {2')]; c m and d a re  
the specif ic  heat  and d i a m e t e r  of p a r t i c l e s  of the m a t e -  
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r i a l ;  f0 is the f rac t ion  of t ime  dur ing  which the s u r -  
face is in contact  with gas bubbles ;  R~ and R c a re  the 
t h e r m a l  r e s i s t a n c e s  of the packet  at ins tants  v and TC; 
R con is  the contact  t h e r m a l  r e s i s t a n c e ;  rco  n is  the t h e r -  
mal  r e s i s t a n c e  between rows of pa r t i c l e s  ; to, t i a r e  
the in i t ia l  and ins tan taneous  t e m p e r a t u r e s  of i - th  l aye r  
of pa r t i c l e s  ; t w is the t e m p e r a t u r e  of su r face ;  x and y 
a r e  the d i m e n s i o n l e s s  complexes  [ formulas  (2') and 
(4')]; Fo is the F o u r i e r  n u m b e r .  
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